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Abstract 
The goal of this paper is to model electro-dynamically the pinion-engaging mechanism (PEM) of starter motors. The purpose of the PEM 
is to switch a high current by means of relatively low control current. The PEM is the system of components (solenoid switch, pinion-
engaging lever, and overrunning clutch with drive pinion) that engages the drive pinion with the ring gear. The solenoid switches consist 
of a pull-in winding and a hold-in winding and a movable iron core. The electro-dynamic model of the solenoid switch contains the 
inductance and its partial derivatives which depend on the current and the position of the solenoid armature. An electromechanical 
measurement method is proposed to determine the inductance and its derivative for various positions of the solenoid switch. The 
experimental results are implemented in the electro-dynamic model using energy-based modeling applying the Euler-Lagrange 
formalism.  
© 2012 The Authors. Published by Elsevier Ltd. 
Selection and/or peer-review under responsibility of the Branch Office of Slovak Metallurgical Society at Faculty of Metallurgy and 
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1. Introduction 
The internal combustion engines in today’s cars are started by means of traditional starter motors. Newer start-stop 
(Smart Idle Stop System, i-stop) and mild hybrid-system cars make wide use of the same type of starter motor. It consists of 
two main parts: a pinion-engaging mechanism (PEM) and a DC motor. The PEM is the system of components (solenoid 
switch, pinion-engaging lever, and overrunning clutch with drive pinion) that engages the drive pinion with the ring gear. 
One of the purposes of the PEM is to switch a relatively high current (600-1200 amperes). The solenoid switch consists of a 
pull-in winding, a hold-in winding and a solenoid armature (Fig. 1a, Items No. 2, 3 and 1). When the PEM first starts to 
draw in the solenoid armature, the air gap between the solenoid armature and the core (Item 4) is relatively large. As the air 
gap closes up, the armature is retracted and the electromagnetic force increases significantly. When the armature is fully 
retracted, i.e. when there is only a minimal residual air gap, the force of the hold-in winding on its own is sufficient to hold 
the armature in position until the starting process is completed [14]. The paper describes a part of a project which aims to 
model electro-dynamically the PEM. The electro-dynamic equations of the solenoid contain the inductance and its partial 
derivatives which depend on the current and the position of the solenoid armature [1], [2]: 
( , )L L i x=
                                                                                       
(1)
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There are several ways to measure and compute the inductance with sufficient accuracy. It is generally measured by 
purely electrical methods [5], [6]. These measurement methods in [6] are divided into three basic groups: current and 
voltage methods, bridge methods and the resonance method. The measurement systems are AC excited and usually 
applicable for coreless coils. It is particularly difficult to determine the inductance of a winding or coil with a ferromagnetic 
core. In general the magnetic core has nonlinear magnetic properties, i.e. B-H characteristic curves are nonlinear and 
hysteresis may also occur.  
Electric machines are modelled with magnetic cores in [8], [9]. Different methods are discussed to compute magnetically 
nonlinear dynamic behaviours, using Kirchhoff’s and Faraday’s laws. Papers [3], 10] deals with determining force 
characteristics using magnetic co-energy. The electromagnetic force can be obtained by the derivation of co-energy. Other 
applications are related to the nonlinear dynamic models which are based on a magnetic field finite element analysis in 
combination with energy and current perturbation techniques [4], [7], [8], [12], [13]. The validation of the theoretical 
computation is carried out by measurements using AC sources [11]. DC excited experimental systems are proposed in [7], 
[8].  
This paper presents a non-linear dynamic model of the solenoid switch using energy-based modeling applying the Euler-
Lagrange formalism. An experiment is designed to measure the inductance of the solenoid switch, which is performed at 
different constant current levels from a relatively low current (i=5 A) up to the operating condition (i=32 A). The 
electromagnetic force depends on the derivative of the inductance with respect to the position of the armature. Therefore the 
measurement of the inductance is determined indirectly. In the first step the electromagnetic forces are measured by means 
of a compact load cell, in discrete positions of the solenoid armature with DC excitation. So the derivative of the inductance 
function is provided by the measurements, then the inductance function is obtained by numerical integration. 
2. Theoretical background of the experimental method 
The circuit diagram of the measurement is shown in Fig. 1b. The equations of the measurement model are derived from 
the Euler-Lagrange equations [1], [2]: 
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where L is the Lagrange function, x is the position of the solenoid armature, Q is the charge, F is the  measured 
electromagnetic force, u0 is the terminal voltage of the battery. The Lagrange function with charge formulation is 
constructed using kinetic co-energy T*, magnetic co-energy Wm*, potential energy V and electrical energy We. 
* *L
m eT W V W= + − −
                                                                 
(3)
(a) (b)
 Fig 1. Cross-section of the solenoid switch (a) circuit diagram of the measurement system (b) 
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Fig. 2.Definiton of the secant and incremental inductances 
The kinetic co-energy can be written as follows: 
* 21
2
T mx= 
                                                                 
(4)
where m is the mass of the solenoid armature, x  is the velocity of the solenoid armature. The complementary magnetic 
energy can be obtained from the integration of flux linkage Ψ(i,x) against current i [1], [2], [10]: 
*
0
( , )
i
mW i x di= Ψ³
                                                                 
(5) 
A numerous of papers [4], [6]-[10], [12], [13] deal with current-dependent secant (static) inductance Ls(i) and 
incremental (dynamic) inductance Ld(i), which are shown in Fig. 2. In the measurement model the secant inductance will be 
used. The secant inductance is defined as the ratio of the winding flux linkage over winding current.  So the flux linkage can 
be expressed by the following expression: 
( , ) ( , )si x L i x iΨ =
                                                                 
(6) 
The potential energy and the electrical energy will be considered zero because the measured solenoid switch does not 
contain either springs or a capacitor. 
0, 0eV W= =
                                                                 
(7) 
The virtual work of the non-conservative elements is: 
0ncW R i Q u Q F xδ δ δ δΣ= − + −
                                                                 
(8) 
where RΣ is the equivalent resistance of the measurement system. The equivalent resistance can be calculated as (see Fig 
1b.): 
1...8B C jR R R R jΣ = + + =
                                                                 
(9) 
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where RB is the internal resistance of the battery, RC is equivalent resistance of the two windings, Rj is optional resistance to 
set the different current levels. Substituting (4), (5) and (7) into (3), then using (2) and taking expression (8) into 
consideration, the following system of differential equations is obtained: 
*
mWmx F
x
∂
− = −
∂

                                                                 
(10) 
*
0
mWd R i u
dt i Σ
§ ·∂
= − +¨ ¸∂© ¹
                                                                 
(11) 
In steady state the time derivative of the current as well as the velocity and acceleration of the solenoid armature are zero; 
(10), (11) are simplified further as follows: 
( )
0
,
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sL i x idi F
x
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=
∂³
                                                                 
(12) 
0R i uΣ =
                                                                 
(13) 
Differentiating both sides of (12) with respect to current: 
( ),sL i x Fi
x i
∂ ∂
=
∂ ∂
                                                                 
(14) 
From (14) the partial derivative of the inductance is: 
( ) ( ), , 1sL i x F i x
x i i
∂ ∂
=
∂ ∂
                                                                 
(15) 
The current i and the force F acting on the solenoid armature are measured and the derivative of the inductance is provided 
by (15). 
3. Experimental results 
A series of measurements have been performed in order to obtain the equivalent inductance of the solenoid switch on the 
basis of the electro-mechanical theory detailed in the previous section. The electromagnetic force is measured by a compact 
load cell in discrete positions of the solenoid armature. Positioning is registered by a laser interferometer. The controller of 
the measurement circuit uses an AC power supply unit for the relay and a DC power supply unit for the time delay (see Fig 
1b.). The operating time is 0.1 (s). Fig. 3a shows the measured electromagnetic force. 
When the force and the appropriate currents are known, the partial derivative of the inductance can be produced, which is 
approximated by the cubic polynomial in terms of the current, and by the fifth-degree polynomial fn(x), (n=1,...,4) in terms 
of the place: 
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(16) 
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where i1=5 A, i2=10 A, i3=25 A  , i4=32 A, and a1(x), a2(x), a3(x), a4(x) are unknown functions.  
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Fig. 3. Measured electromagnetic force (a) approximating derivative inductance function (b) calculated inductance function (c) comparison of the 
inductance function 
On the basis of (16) when the approximating functions f1(x), f2(x), f3(x), f4(x) obtained are known, the coefficients a1(x), 
a2(x), a3(x), a4(x) can be produced from the following matrix equation:
( )
( )
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( )
( )
( )
( )
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12 31 11 1 1
2 3
2 22 2 2
2 3
3 3 33 3
2 3
4 4 44 4
1
1
1
1
a x f xi i i
a x f xi i i
i i ia x f x
i i ia x f x
−ª º ª ºª º« » « »« »« » « »« »
=« » « »« »« » « »« »« » « »« »¬ ¼¬ ¼ ¬ ¼                                                                  
(17) 
Thus the approximating derived induction function is:  
( ) ( ) ( ) ( )( )22 3 4, 1 2 3sL i x a x a x i a x i
x i
∂
≅ + +
∂
                                                                 
(18) 
which is shown in Fig. 3b in the range examined.  
The inductance function is obtained from equation (18) by integration for x: 
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where 
( )
0
( ) 1,..., 4
x
n nb x a d nξ ξ= =³
                                                                 
(20) 
and L0=0.6949 mH is the induction of the two windings without an iron core. In aware of the coefficients bn(x) (n=1,…,4),
the inductance function is obtained, which is shown in Fig. 3c.  
For the sake of comparison, the inductance of the solenoid was also determined using an RLC type measuring instrument 
at the frequency f=120 Hz. The inductance functions obtained for i=5 A, i=32 A and by RLC measurement are shown in 
Fig. 3d. It is conspicuous that inductance based on the resonance method changes in a close to linear way as a function of 
the position of the iron core, as a result of the results obtained for the various currents.  
4. Electro-dynamic modeling of the solenoid switch 
The previous section presented the electro-mechanical measurement of the inductance of the solenoid switch. The 
measurement was determined in the static state. This section will deal with the dynamic investigation of the simplified 
solenoid switch, i.e., only the motion of the iron core will be considered neglecting the rest of the switch mechanism. The 
analysis is interested until the air gap closes up, i.e., the pull-in winding and hold-in winding work together. In this example 
the potential energy V is different from zero, for the solenoid armature is supported by a spring system. When the solenoid 
armature is pulled in, the springs start operating gradually and the resultant stiffness of the spring changes step by step: 
( )
1 1
3 1 1 2
2 3 1 2 3
3
0
a
k if x l
k k if l x l
k x
k k k if l x l
k if l x
∞
< <­° + ≤ <°
= ®
+ + ≤ <°° ≤¯
                                                                 
(21) 
where k1=3600 N/m, k2=6460 N/m, k3=2600 N/m are the spring stiffness of the individual springs, k∞ =20000000 N/m is the 
spring stiffness of butting-on of the iron core, l1=0.00698 m, l2=0.00345 m, l3=0.00103 m are the displacement sections of 
the springs. 
Based on the above, (7) can be written in the following expression: 
( ) 21
2 a
V k x x=
                                                                 
(22) 
Electrical energy continues to be zero We=0. The resultant spring force can be written depending on the position of the 
solenoid armature in the following form: 
( ) ( )( ) ( )
1 1 1
1 3 2 1 3 1 2
1 3 2 2 3 1 3 2
2 3
0c
c
c
c
F k x F if x l
F k x k x l F F if l x l
F x
F k x k x l k x l F F F
if l x l
= + < <­°
= + − + + ≤ <°
= ®
= + − + − + + +°° ≤ <¯
                                                                 
(23) 
where F1=21 N, F2=41 N, F3=14N denote the extent of pre-stressing of the springs each. Fig. 4 shows the theoretical and 
measured force characteristics Fc(x) and the individual displacement sections l1, l2, l3.  
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Fig. 4. The measured and simulated spring force versus displacement  
The partial derivative in the equation of the mechanical subsystem (10) and the time derivative from the equation of the 
electrical subsystem (11) can be expressed in the following way: 
( ) ( ) ( )* 22
0 00
, , ,1
2 2
ii i
s s sm
L i x L i x L i xW iidi i di
x x x x i
∂ ∂ ∂∂
= = −
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(24) 
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(25) 
The virtual work of the non-conservative elements contains also damping: 
0ncW R i Q u Q bx xδ δ δ δΣ= − + − 
                                                                 
(26) 
where bx−   is the damping force acting on the solenoid armature and represents air resistance.  
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Fig. 5. Numerical results current versus time (a) displacement of the solenoid armature versus time (b) 
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Using (22), (3), (2) with consideration of expression (26), and neglecting mixed partial derivatives in (24) and the partial 
derivative with respect to current in (25), the simplified nonlinear differential equations are obtained: 
( ) ( ) 2,1 0
2
s
a
L i x
mx bx k x x i
x
∂
+ + − =
∂
 
                                                                 
(27) 
( ) ( ) 0,, ss L i xdiL i x ix R i udt x Σ
∂
+ = − +
∂

                                                                 
(28) 
where m=0.0989 kg, b=20 Ns/m RΣ=0.292 Ω, u0=12.4 V. The Runge-Kutta method is applied to solve (27) and (28) in 
Matlab environment. The numerical results for current i and solenoid armature position x are shown in Fig. 5a and Fig. 5b, 
respectively.  The vertical dash line denotes the limit of the investigated time range. We note that the responses of the 
solenoid switch model would be different if the whole mechanism of the pinion-engaging lever and the drive pinion with 
overrunning clutch is considered. 
5. Conclusion 
The paper presented an approximating determination of the inductance of the solenoid switch of a starter motor by means 
of the electro-mechanical method. The model is described by a nonlinear system of differential equations. The equations 
include the partial derivative of the secant inductance function Ls(i,x) with respect to the position x. The method is based on 
the direct measurement of the inductance derivative with respect to the solenoid armature position at different currents. The 
inductance is obtained by numerical integration.  
The paper described the inductance function determined in the steady state by means of an electro-dynamical problem. 
The results verify the efficiency of the proposed method.  
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